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Abstract 

We consider the probability that a two-dimensional random walk starting from the 
origin never returns to the half-line (— oo,0] x {0} before time n. Let = (Jfi,^) 
be the increment of the two-dimensional random walk. For an aperiodic random walk 
with moment conditions (.ELY2] = and -E[|Xi| <5 ] < oo, A"2| 2+<5 ] < oo for some 
5 G (0,1)), we obtain an asymptotic estimate (as n — > oo) of this probability by 
assuming the behavior of the characteristic function of X\ near zero. 



1 Introduction and Statement of Results 

Let us consider the probability that a two-dimensional random walk starting from the origin 
never returns to the half-line (— oo, 0] x {0} before time n. In this paper we investigate the 
asymptotic behavior (as n — > oo ) of this probability. 

For a simple random walk, this probability, multiplied by n 1 / 4 , is bounded both from 
above and from below by positive constants. This bound was shown by Lawler [5,(2.35)], and 
the estimate plays an important role in computing an upper bound of a hitting distribution 
from infinity for a simple random walk (see [5, Proposition 2.4.10]). The upper bound gives a 
growth estimate for the two-dimensional diffusion limited aggregation (DLA in short) model 
(see [4]) and an estimate of the two-dimensional intersection exponent (see [6]). 
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Several authors have already studied the same probability that we consider here. In [1], 
Bousquet-Melou and Schaeffer treated two-dimensional random walks satisfying the condi- 
tion that the increment of the random walk takes finite values with equal probability by using 
a combinatorial argument. In [3], Isozaki treated two-dimensional symmetric random walks. 
In [2], a class of two-dimensional aperiodic random walks which satisfy good conditions (a 
mean of zero and the 2 + 5(> 2)-th absolute moment exists) such as the simple random 
walk is considered. The present approach is probabilistic. We mainly treat two-dimensional 
nonsymmetric random walks. 

Let {1^}^! be a sequence of independent identically distributed random variables with 
values in Z 2 . A two-dimensional random walk {S(ri)}™ =0 starting at x E Z 2 is defined by 

n 

S(0) = x and + 

k=i 

If the random variable X^ takes the four values (1, 0), (— 1, 0), (0, 1), (0, — 1) with equal 
probability, the random walk is called simple. We write = (Xi,X 2 ) and S(n) = 

(Si(n), S 2 (n)). We denote by P x the probability law of the two-dimensional random walk 
starting at x and by E x the expectation with respect to P x . For a subset A of Z 2 , define 

t a = mf{n > 1 : S(n) E A}, 

(note that the time n = is not included here). We also denote by U the first coordinate 
axis: 

U — {x — (xi, x 2 ) E Z 2 : x 2 = 0} 
and by V_ and V + the left half and right half of U, respectively: 

V_ = {x = (xi, x 2 ) E Z 2 : Xl < 0, x 2 = 0}, 

V + = {x = (xi, x 2 ) E Z 2 : x x > 0, x 2 = 0}. 

Theorem 1.1 Assume that a two-dimensional random walk satisfies the following condi- 
tions: 

(a) aperiodic (i.e., the smallest additive subgroup containing 
{x E Z 2 | P{X (1) = x} > 0} agrees with Z 2 ), 

(b) E[X 2 ] = 0, 

(c) £[|Xx| 5 ] < oo, E[\X 2 \ 2+S ] < oo for some 5 E (0, 1). 
If there exist constants a E (0, 2], e > 0, c\ > 0, c 2 > such that 

1 J 2E[Xl] 2E[Xl] 
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and 



= c 1 \6 1 \ a + 0(\9 1 \ a+£ ) (0!->O) 

E[(sm9 1 X 1 )X 2 ]E[(-l + cos^X^] 



E [sin 



£[X 



21 



= C2\9i\ a ^ 1 + 0(\e 1 \ a+e ) (9 1 ^0) 



i 



then 
where 



Po{t V - >n}~ n- 1 '^ (1.1) 

p = — arcsm , = 

^d + d + c^cl + d 

and we write a n x b n if there exist positive constants c*, c* sfic/i £/iai 

As an example, we consider the increment X^ = (X!,X 2 ) of a two-dimensional random 
walk which satisfies the following conditions: 

(I) aperiodic, 

(II) X 1 and X 2 are independent, 

(III) E[X 2 ] = and E[\X 2 \ 2+S ] < oo for some 5 > 0, 



(IV) for a E (1,2), 

P{X l = n} = < 



(n6{-l-2,-}) 
c+ (n = 1) 

( otherwise ), 



where the constants c_ and c + are assumed to be adjusted so that 

]T P{X 1 = n} = l and ]T nP{X x = n} = 



hold. By simple calculus, 



1 -Mcos^Xi] = — ; — —77 -— -|^r + 0(|^i| 2 ), 

L J 2r(a + l)cos((a-l)7r/2)' 1 Vl 1 ; 

E[sm9 1 X l ] = — — ^ -—-I^I^A- + OflflJ 2 ), 

L J 2r(a + l)sin((a-l)7r/2)' 1 |0i| Vl 1 J 
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where T is the gamma function. Thus 

H — a 



4a 
and 

Pq{tv- > n} x n 



-(o-l)/(2a) 



Corollary 1.2 Assume (a), (b) and (c). If there exist constants a G (0, 2],e > 0, ci > 
sitc/j that 

(E[(wi9iX l )X 2 ]) 2 , (^[(-l + cos^)^]) 2 



and 



Mcos#iXil : — ^ h 

= c 1 |^ 1 r+o(i^ 1 r +£ ) (ei^o) 

E[(sine 1 X 1 )X 2 ] J E[(-l + coaOiX^Xi] 



Msin 9 X X 1 



E[Xi] 

o(i^r +£ ) (0!->o) 



then 



P {r v . > n} x n" 1 / 4 . (1.2) 



For a two-dimensional simple random walk, ( 11 .21) was shown by Lawler [5,(2.35)] and 
Kesten [4]. Bousquet-Melou and Schaeffer [1] considered Po{tv_ > n} for a two-dimensional 
random walk satisfying the condition that the increment of the random walk takes finite 
values with equal probability. For a two-dimensional simple random walk, they computed 



limP K_>n}/|xi±^ n -V 4 

by using a combinatorial argument. We consider an aperiodic random walk with a mean of 
zero and a finite 2 + 5(> 2)-th absolute moment. In [2], it is proved that for this random 
walk, n 1//4 Po{ r y- > n } converges to some positive constant as n — > oo. This random walk 
satisfies the assumptions of Corollary 1.2 and we have Pq{jv_ > n} x n -1 / 4 . This result is 
weaker than that in [2], but Corollary 1.2 is applicable to a large class of random walks. 

Corollary 1.3 Assume (a), (6) and (c). If there exist constants a G [1, 2],e > 0, c 2 > 
such that 

1 1J 2£[Xf] 2E[X]} 
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and 



= o(\e 1 \ a+£ ) (#1^0) 

F] . , ^(sin^XQX^K-l + cos^XQXj 
= c 2 \e 1 \ a ^- + 0(\9 1 \ a+s ) (9 1 ^0) 



then 



P {r v _ >n}xn- 1 / 4+1 /( 4a \ 



We consider the increment X^ = (X 1? X 2 ) of a two-dimensional random walk which sat- 
isfies the following conditions: (I) aperiodic, (II) Xi and X 2 are independent, (III) -E[X 2 ] = 0, 
and E[\X 2 \ 2+S ] < oo for some 5 > 0, (IV) ' P{X X = 1} = 1. It is clear that for n G N, 

P {tv_ > n} = 1. 

We apply Corollary 1.3 to this random walk. By simple calculus, 

1 - Efcos^Xx] = O(|0i| 2 ), £7[sin0iXi] = + O(|0!| 2 ) 

and thus 

P {t-v_ >n}xl, 

which is in agreement with P {r v > n} — 1. 

We consider Po{^a < where T A is a random variable independent of the random 

walk with the law P{T X = j} = (1 - (j = 0, 1,2, • • •). By the Tauberian theorem, 
the asymptotic behavior of Pq{T\ < ry } as A t 1 determines the asymptotic behavior of 
Pq{ t V- > n } as n — > oo. 

If we can calculate the asymptotic behavior of Po{T\ < ry_} x Pq{T\ < Ty + } and Pq{T\ < 
t v _}/Pq{T\ < t v+ } as A | 1, then we have the asymptotic behavior of Po{T\ < r v _} as A t 1- 
This method is based on [2]. However, to have Theorem 1.1, we need to obtain an estimate 
of Pq{T\ < Ty_}/Po{T\ < Ty + } which is different from that in [2]. 

In Section 2, we state a certain relation between Pq{T\ < Ty_} x Pq{T\ < Ty + } and 
Po{T\ < tjj} and give the asymptotic behavior of Po{T\ < tjj} as A t 1- We show that 
Po{T\ < t v _} / Pq{T\ < r v+ } may be expressed using the characteristic function of the 
increment of the random walk. 

In Section 3, we state some results needed to prove Theorem 1.1. 

In Section 4, we give a proof of Theorem 1.1. 

In the appendix, we give the proof of lemmas not proved in Section 3. 
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2 Fundamental relations 

Lemma 2.1 For an arbitrary two-dimensional random walk, 
Po{T x < ru} = P {T X < Ty + }P {T X < r v _} 

= (l-P {S(r v+ ) = 0,r v+ < Txjy'PoiTx < r v+ }P {T x < r v _}, 

where V+ = V+ \ {0}. 

The proof of Lemma 2.1 is identical to that given for Proposition 2.4.6 in [5] and is thus 
omitted (see [2, Lemma 2.1]). 

Lemma 2.2 A two-dimensional random walk satisfying (a), (b) and E\X%\ < oo has the 
property that 

P {T x <r u }^(2E[X 2 2 }) 1 / 2 (l-X) 1 / 2 : 
where we write ct\ ~ j3\ i/lim^i a\/ (3\ = 1. 

The proof of Lemma 2.2 is identical to that given in [5, p. 68] and is thus omitted (see [2, 
Proposition 3.1]). 

To formulate the next lemma, we introduce some notation. For a two-dimensional random 
walk satisfying (b) and i?[Xf] < oo, we introduce the following random variables: 

77(1) = inf{j > 1 | S(j) G U}, C(l) = SMI)), 

r](k + 1) = inf{j > n(k) | S(j) G U] 
C(fc + l) = 5i(i7(fc + l)), (fc = l,2,...). 
For A G (0, 1), we define 

c(A) = exp (-f;^[A^);C(fc) = 0]^, 

foo(z; A) = exp (-p^E [\^z<W;ak) < 0]) , 
f (z; A) = exp (- £ Ie [\^z^; ((k) > 0]) . 
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Lemma 2.3 For every two-dimensional random walk satisfying (b) and E[X 2 ] < oo, 

P {T x <T V _} = c(X)f oo (l;X), 
P {T x <T V+ } = c(X)f (l;X). 

Moreover, for I G Z, 

-i\ fc 

fW 2 j ] de x . (2.1) 



Bo[A *, ;CW . iH _L£ e -«( 1 _(_L£_ i 



\4,(6) 



The proof of Lemma 2.3 is identical to that given in §17 Proposition 5 of [7] and is thus 
omitted (see [2, Proposition 2.4]). 



3 Preliminary lemmas 

In this section, we will consider a\(9\) and b\(9\) defined by 

1 r 1 



and 



Let 



a x (0i) = ft 
bx(0i) = 3 



2tt j-tt i- X(j)(e u e 2 



l r 



2tt J-tt 1 - X(j)(6 1 ,6 2 



d9o 



A 



'2i/i2 



<px(di,02) = 1 - AE[cos0iXi] + XE[(sin9 1 X 1 )X 2 }9 2 + ~E\X^ 2 



-i{A£[sin0iXi] + A£[(-l + cosfliXO-Xa^}. 
Then we have the following lemma. 

Lemma 3.1 Assume (a), (b) and (c) hold. Then there exists a constant C3 > such that, 
for X G (1/2, 1) and 9 = (9 U 9 2 ) G [-7T, tt] x [-tt, tt], 



1 - A0(0) 



<C3(|0i| a + |W, 



(3.1) 



where 8 = 5 2 /(2 + 5). 

In addition, there exist £3 > and r > such that, for X G (1/2, 1) and 9 = (81,62) G 
[— 7r,7r] x [— iT,n} with \6\ <r , 



n<px(8)} 



<5 3 (\9 1 \ 5 + \9 2 \ s ), 



(3.2) 



where 5 is the same constant as in $3. 
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Proof. By the definition of the characteristic function, 



1 - A0(0) = 1 - XE[e 



ie 1 x 1 je 2 x 2 -\ 



The inequality 



e lx - 1 + ix - -x' 



< 2\x 



2+5 



(x e 



and the condition i?[|X2| 2+<5 ] < oo give 



E[e 



ie 1 x 1 je 2 X2i 



-E 



1 + %9 2 X 2 - -Q\Xl 



1 

2 l 



< 2E[\X 2 \ 2+5 }\9 



2+8] \n 1 2+5 
2 



Using the Holder inequality and condition (c), SflXt^Xf] < oo. The inequality \e lx — 1| 
< 3|x| 5 (x G M) gives 



\E[e idlXl X 2 ] - E[Xl}\ < ?>E[\X^ Xl}^. 



We notice that 



E[(-l + cos6 1 X 1 )X 2 ] = E[(cos9 1 X 1 )X 2 ] 



from condition (b). Hence 



\l-\<f>{6)-ip x {6)\<c{\e 1 \ s + \8 2 



& )0l 



(3.3) 



for some suitable constant c > 0. Since the random walk is aperiodic, there exists a constant 
c* > such that, for A G (1/2, 1) and 9 G [— 7T, it] x [— ir, ir], 



|1 - A0(0)| > K[l - A0(0)] > A(l - n[4>(6)}) > ^\9\ 2 

as shown in [7, §7 Proposition 5]. ( 13. ip follows from (13. 3p and ( 13. 4p . 
( 13. 3 p implies that 

_ A 0(0)] - %> A (0)]| < c(|^ + |£ 2 | 5 )£ 2 2 . 



(3.4) 



(3.5) 



By combining ( 13 .5p with the last inequality in (13 .4p . there exists r > (small enough) 
such that, for A G (1/2,1) and 9 = (9i,9 2 ) G [— it, it) x [— 7T,7r] with \9\ < r , 



(3.6) 



(I3T2|) follows from ((33]) and ( 13T6|) . 
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To estimate a\(9), we calculate 



1 rro/2 



dB-, 



_2lV J-ro/2 ip\(6 1 ,6 2 ) 

where r is the same constant as in Lemma 3.1. Let 



1 r r °/ 2 


1 


= — 3? 


.¥>a(0i,0 2 )_ 


2n J-ro/2 



. ^[(sin^XOXa] 1 - A£[cos0iXi 

^4 — — ; — , „ — i a — 



(1/2)E[XI 



21 ' 



Then 



and 



Put 



£[(-! + cos fliXipfa] 
(l/2)E[Xi\ ' 



A 



(A/2)£[Xf] 
Msin OxXA 



{l/2)E[Xl 



21 ' 



¥>a(0i, 9 2 ) = '-E\X\\{Q\ + A6 2 + B- i(C9 2 + D)} 



<Px(0i,e 2 ) 



Iv^iA)! 2 



is a rational function. 



X = (45 - A 2 + C 2 ) 2 + 4(2L> - AC) 2 . 

To calculate the integral of $l{l/(p\(9i, 8 2 )) over [— r /2,r /2] with respect to 9 2 , we use 
routine integration of a rational function using partial fractions. This calculation gives the 
following lemma. 

Lemma 3.2 Suppose a two-dimensional random walk satisfies < -E[X|] < oo. Then there 
exist c 4 > 0, A* G (1/2,1) and s* > such that, for all A G (A*, 1) and 6 1 G [— 7r, 7r] with 
< |0i| < s* ; 



1 ro/2 



27T J-ro/2 



J? 



1 



where 



V2 



dQ 2 - ax{0\) 



< c 4 , 



(3.7) 



AB - A 2 + C 2 + VK. 



XE[Xl]VK 

With the help of (l3.ip .f l3T3~jUI3.4p and (13. 6p . we have the following lemma. 

Lemma 3.3 Suppose a two-dimensional random walk satisfies (a), (b) and (c). Then there 
exist C5 > 0, A* G (1/2,1) and > such that, for A G (A*, 1) and Q\ G [— 7r,7r] with 
< \9i\ < s* ; 



^Csd^l^ + X^llogXDX" 1 / 4 . 



1 rro/2 


1 




«a (e 1 ) - — / & 


d9 2 


27T J-ro/2 
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Lemma 3.4 Suppose a two-dimensional random walk satisfies < < oo. Then there 

exist cq > 0, A* G (1/2,1) and s* > such that, for all A G (A*, 1) and 9i G (—11,71) with 
< |0i| < s* ; 





fro/2 


1 






/ 3 


de 2 -h(e 1 ) 


2tt . 




'-ro/2 



(3i 



where 



V2 



2{2D - AC) 



Lemma 3.5 Suppose a two-dimensional random walk satisfies (a), (b) and (c). Then there 
exist C7 > 0, A* G (1/2,1) and s* > such that, for A G (A*, 1) and Q\ G [— 7r,7r] with 
< |0i| < s* ; 



1 ro/2 
bx 01 " 7T / 

27T J-ro/2 



d0, 



.^a(0i,0 2 ). 

< c 7 {|0x| a + |A|K(- 1+ ^ 4 + (|0!| a + ^/ 4 )(|C| + IDI^- 1 / 4 )^ 1 / 4 }^- 1 / 4 . 
The proofs of the above four lemmas are given in the appendix. 



4 Proof of Theorem 1.1 

We consider Po{T\ < tv_}/Pq{T\ < ry + } under the assumption that the random walk 
satisfies (a),(b) and (c). By Lemma 2.3 and the definitions of fo(z; A) and foo(z', A), this can 
be expressed as 

P„{T A <n,_} ui;X) / UmCi( ^ 



L— >oo 



where 



P {T x <t v+ } / (1;A) 

oo i L 

Cl(X) = E t E (^o[A" (fc) ; C(*) = I] ~ E [X m ; C(k) = -/]) . 
k=i K 1=1 

Since the left-hand side of the first identity in (14. ip is a positive real number, 

exp ( lim C L (X)) = exp ( lim &[C L (\)]\ . 



(4.1) 



(4.2) 



To obtain an expression for 9ft[Ci(A)], we use (12. ip in Lemma 2.3 which implies that 



00 1 1 / f 1 r 



-r 



27T J-tt 1 - A0(0) 



d09 



rf0i, 



(4.3) 
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where 



From the inequality 



^(00 = E( e_<Wl - e<Wl )- 
1=1 



sup 

0l6[-7r,7r] 



1- ^~ 



2tt J-k 1 - X<f>(9) 



d9o 



< 1, 



which is shown in [2, p332-p333], we can interchange the order of summation and integration 
on the right-hand side of (14. 3p and then use the identity 



oo z k 



-£-r = Log(i-*), (N<i). 



k=l 



Here, Log(,z) is the principal logarithm of z and we choose |£$[Log(z)]| < tt. Cl(X) reduces 
to 



1 r* 



2n 



edO-i) Lo£ 



1 



27T J-n 1 - X(j){9) 



d9 2 d9 x . 



By a simple calculation, 

e L (6i) = * 



sin#i 



1 — cos 6*i 

If > 0, then 3[Log(»] G (-7r/2,7r/2) and 



— 1 + cos L^i ) — sin L0\ > . 



CMT / M • 

^[Log(2;)J = arcsm — - 



Recall that a\(9i) is the real part of (l/(27r)) 1/(1 — X(p{9))d92 and b\(9i) the imaginary 
part. It is easy to check that a\{9\) > 0. Thus 3?[Cl(A)] can be expressed as 

nC L (X)] = -L r ( - Sm9 \ (1- cos L9 X )+ sin L9 1 ) 
2ir J -tt [ 1 — cosb'i J 

x arcsm , d9\. 



Let 



2£[X| 



2£[X 2 ^ 
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Then a^(^i) in Lemma 3.2 can be written as 

1 1 



2J\E[XI] Ml - A + AB^)) 2 + (A£>(0!))s 



a A (^i) 



xy 1 - A + A£(0i) + V(l - A + A5(^)) 2 + (A.D(0i)) 2 , 
and b\{6i) in Lemma 3.4 can be written as 

1 AD(0i) 



&a(0i) 



2 V / AE[X 2 ] ^(1 - A + Ai?^)) 2 + (XD^j? 

1 



x 



\Jl-\ + A£(0i) + ^(1 - A + Afi^)) 2 + (AD(0i)) 2 



Hence, 

6a(^i) 



V^)+I(^) 

A-D(^i) 



v^y (1 - A + A£(0i)) 2 + (AD(0i)) 2 + (1 - A + XB (0^)^/(1 - A + AB(0i)) 2 + (AD^)) 2 

To prove Theorem 1.1, we recall the following assumption: 

(Al) there exist constants a e (0, 2], e > 0, c± > 0, c 2 > such that 

£W = c 1 |# 1 r+ oa^r-^) (0i->o) 

and 

= c 2 |0ir T ^ T + o(i^ii Q+£ ) (^1 0). 



From assumption (Al), it is easy to see that there exist constants c 8 > 0, s > such 
that, for A e (1/2, 1) and < |0i| < s, 



^/(l-A + A£(0i)) 2 + (A£>(0i)) 2 - fc A (0O 



1/2 
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< \B(e 1 )-c 1 \e 1 \ a \ + 



|fil 



< (%A;a(0i) 1/2 |0i| 



(4.4) 



where 



fc A (^ 1 ) = (l-A + Ac 1 |e 1 r) 2 +^Ac 2 |^ 1 
(14. 4p implies the following lemma. 



' |*l| 



Lemma 4.1 Assume that < -E[X|] < oo and (Al) hold. Then there exist eg > 0, > 
suc/i that, for A G (1/2, 1) and < |#i| < s*, 



6a(^i) 



Ac 2 |^ 






a) 



<c 9 |# 



H > 



where 



Qx(s) = |(1 - A + Ac lS ) 2 + (Ac 2 s) 2 + (1 - A + \c lS )y/(l - A + Ac lS ) 2 + (Ac 2 s) 2 | 1/2 . 
From (13. 6 p and the definitions of A and B, 

~c*|0 2 | 2 < Rfc^, 2 )] = ^£[X 2 ] | (e 2 + + B - ^ J 

for A G (1/2,1) and 1(6*1,6^)1 < r . Since A tends to zero as \6\\ — > 0, we choose 0\ small 
enough so that 1(6*1, —A/2)\ < r . Then the above inequality (setting 6 2 = —A/2) gives 



2A£[X 2 ] 



A < AB — A' 



and letting A 1 1, 



_ A2 < ^-Ejcose.Xi] _ A2< 8 _B(9 l ) 



2E[Xl] ~ (1/2)£[X 2 ] " E[XiY 

From 1 - ^[cosfliX!] > (E[(sm6 1 X 1 )X 2 }) 2 /(2E[Xl]), it follows that 

8 



E[X%] 



B(9 X ). 



Combining the above inequalities with and 2\D\ < \2D — AC\ + |A||C|, and using (I4.4p and 
Lemmas 3.2, 3.3, 3.4, 3.5 and 4.1 gives the following lemma. 
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Lemma 4.2 Assume that (a), (b), (c) and (Al) hold. Then there exist cio > 0, A* G (1/2, 1) 
and s* G (0, 1) suc/i i/ia£, for A G (A*, 1) and < |#i| < s* ; 

M^i) - a A (0i)| < c 10 (|^ + fcf 1 ^)] logfcA^Ol) fc- 1/4 (^), 

|6a(0i)-6a(0i)|<cio|0i|^ 1/4 (0i), 
6a(^i) 6a(0i) 



a5(0i) + WO ^(^ + 0^) 



^dol^iHlog^i)!, 



where 5 = min{5,a5/2}. Moreover, there exist en > 0, A* G (1/2, l),s* G (0,1) such that, 
forXe (A*,l) andO < |#i| < s* ; 



&a(0i) 



Ac 2 |^ 




V^a^i 


a) 



<c n |0 



II 5 



(4.5) 



where 5 = mm{e, 5/2}. 



Lemma 4.3 Assume that (a), (6), (c) and (Al) ao/d. Taen there exist ci 2 > 0, Ao G (1/2, 1) 
and s G (0, 1) swc/i that, for A G (Ao, 1) and < |#i| < s , 



arcsm 



6a(^i) 



arcsm 



Ac 2 |0! 


WW) 


V^Qa(|0i 





<c 12 |^ 



I do 



(4.6) 



Poof. By applying the Mean Value Theorem to the inverse of the sin function, arcsin t, on the 



closed interval with end points Xc 2 \e 1 \ a (e 1 /\e 1 \)/(V2Q x (\e 1 \ a )) and & A (0i)/^/a A (0i) + ^(#i), 
the left-hand side of (14. 6[) is equal to 



1-tg 



bx(0i) 



Ac 2 |0! 




V2Q A (|0i 


a) 



(4.7) 



where t is a number between \c 2 \6 1 \ a (6 1 /\6 1 \)/(V2Q x (\6 l \ a )) and & A (0j) / V a l( e i) + & a(#i)- 
Note that for 9 1 ^ 0, 

1 



Ac 2 |0! 


Wl^il) 


V2Qa(|0i 





< 



y/2- 



(4.8) 



If 0! is small enough, then ( 14. 5 p implies that 



< 



i 

72 



cii|^i| <5o <^(1 



1 



V2, 



15 



and we obtain 

|to| < max 



AC2|0i| Q (0i/|0i|) 



V2Qx(\6i\ 



bx(6t) 



^ 1 + <L 



(14. 7p . together with (14. 5[) and the above inequality, gives the desired estimate (|4.6|) . 

To estimate lim^oo 9ft[Cx(A)], we decompose 9ft[Cx(A)]. With s > being the same 
constant as in Lemma 4.3, 



Ac 2 |0! 




v^Qa(|^i 





where 



1 f s o sin 9i 



+/ 1 (s , A) + 7 2 (A, L) + J 3 (A, L) + J 4 (s , A), 
&a(*i) 



arcsm 



s 1 — cos Oi 



af(#i) + &|W. 



2 / . Ac^W^X 
— — arcsm -= — - — ddi, 



Si V y/2Qx(\9i\ a 



h{\L) 



-r( 

2lT J — 7T 



arcsm 



bx(9i) 



I 3 (X,L) = - 



2tt 



arcsm 



al(^)+6l(^), 
&a(0i) 



sin(L^i) d^i, 
sin 6*i 



cos(L^) d# 



1- 



J 4 (s , A) 



sm (7i 



27T ./so<|0i|<7r 1 — COS^! ( 



arcsm 



&a(#i) 



«aW + &aW, 



d0i. 



Since arcsint e [— 7r/2, 7r/2], arcsin(&A(#i)/y £Ja($i) + ^a(^i)) is integrable on [— 7r, 7r]. The 
Riemann-Lebesgue Lemma implies that 



lim J 2 (A,L) = 0. 

L— >-oo 



It is easy to verify that 

1 



|/ 4 (s ,A)| < 



27T Js <|#l|<7r 



sin 6*i 



1 — cos 9\ 



arcsm 



d6 l 



16 



< 



7T 



1 



2 1 — cos so 

By applying Mean Value Theorem to the function arcsin t on the closed interval with end 
points \c 2 \0 1 \ a (6 1 /\9 1 \)/(V2Q x (\6 1 \ a )) and 0, and using (O) . 



arcsin 



V2Qx(\e 
This inequality and (14. 61) give 



< V2 



Acal^r^/I^l) 



arcsin 



6a (0i 



sin #i 



1 — COS d\ 



V2Qx(\dx\ a 

Xc 2 \9 1 ia 



< 



Ac 2 |^ 



|<5o 



7T 



< 



7T 



1-A 
1 



+ c 12 \e 

Sq < \0i\ < 71 



jttt (O<|0i|<s o ) 



2 1 — cos s 

For fixed A G (Ao, 1), the above inequality implies that the left-hand side of the above is 
integrable on [— 7r,7r]. By the Riemann-Lebesgue Lemma, 

lim J 3 (A,L) = 0. 



L— >oo 



From (14. 6 p and arcsin t G [— 7r/2, 7r/2], the absolute value of the integrand in ii(so,A) is 
bounded by ci2vr|6 l i| <5o ~ 1 + (7r/2)7r|6 l i|. Hence ii(so, A) is bounded by a constant independent 
of A G (Ao, 1). We have the following estimate. 

There exists a constant C43 such that, for A G (Ao, 1), 



1 r s o 1 / 
lim ®[C L A) - - / - 



. Acsl^WNV 
arcsm 7= 

V V2Q x (\0i\ a ) , 



d0 l 



< ci 3 . 



(4.9) 



Lemma 4.4 Assume that (a), (b), (c) and (Al) hold. Then there exists a constant cu > 
such that, for A G (A , 1), 



lim 9?[C L (A)] + 



L—¥oo 



an 



arcsm ■ 



C-2 



log(l - A) 



< c M . 



(4.10) 



\/2y c? + c| + c lv /c? + c|y 
Proof. ( I4.9p reduces our problem to the estimate for 

io(s ,A) := - / — arcsin = — — — d9 1 . 

To estimate this integral, we use the power series representation for arcsin t: 

1 • 3 • 5 • • • (2n - 1) t 2n+1 



00 

arcsin t — T"] 

71=0 



2 • 4 • 6 • • • 2n 2n + l 



(-K t < 1). 
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By the dominated convergence theorem, 



We notice that the function 

2n+l 



Ac 2 |^| 




>/2Qa(|0i| 





that appears on the right-hand side of the above equality is an even function, and perform 
the change of variables s = 9", so that 

SQ ^ / \ _ i/i irv//i / 1 /i i\ \ 2n+l , / \ _ i/i i/v//i / 1 /i |\\ 2n+l 



Ac 2 |^j 


Q (#l/%l) 


v^Qa(|0i| 


a) 



TFT J ^ = H rA ) de 



a 



r jqjs^ ds - (4 - i2) 



.y/2) Jo (Qx(s)) 2n+1 



Put 



Q«( s ) = {a 2 (c 2 + c 2 + ClV / c 2 + c 2) s 2 + (i _ A)A(3 Cl + ^c\ + cl)s + 2(1 - A) 2 } 



1/2 



and 



Qf{s) = {\ 2 {c\ + cl + c^c\ + cl)s 2 

+(1-A)A ( 2 c 1 + V / ^i + T iL=) s+ (l-A) 2 fl + -7== 



1/2 



<5a^( s ) 1S obtained by replacing ^ {1 — A + Acis) 2 + (Ac 2 s) 2 in the definition of Q\{s) with 
AJcf + cfs + 1 — A. <5^(s) is obtained by replacing J (I — A + Acis) 2 + (Ac 2 s) 2 in the 



definition of Q\(s) with Aye 2 + c 2 s + (1 — A)(cx/yc 2 + c 2 ). 
From these inequalities, 



A Vcf + c|s + (1 - A) - j 9 Cl < ^(1 - A + Ac lS ) 2 + (Ac 2 s) 2 < Aye? + c 2 2 s + 1 - A 
for s > 0, so we obtain 



c\ + cl 



^2n rs a 2n PS a „2n 
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For a, b, c G (0, oo) with 4ac — b 2 > 0, we next evaluate the integral 



In the case when n — 0, 



,2n 



o (as 2 + os + c)( 2n+1 )/ 2 



ds (nG{fl}UN). 



# (*o) = "7= 



log(2as + 6 + 2d a(as 2 + bs + c 



By setting a = A 2 (c 2 + c\ + + b = (1 - A)A(3ci + ycf+cf), c 

identity yields the following estimate. 

There exists a constant c 15 > such that, for A G (1/2, 1), 



2(1 - A) 2 , this 



Xco r s o 1 



ds + 



log(l - A) 



cWc? + c 2 . 



< C15. 



(4.14) 



In the case when n G N, we make the substitutions 
1 1 



u 



(2n- l)a(as 2 + 6s + c)( 2 ™- 1 )/ 2 ' 
1 2as + b 



dv = (2n — l)s 



2n-2 



dn = 

2a (as 2 + fe s + c)( 2n + 1 )/ 2 ' 
The formula for integration by parts gives 

1 



v — s 



2n-l 



i:(s ) = -IZ-i(so) + e ri 

(X 



(4.15) 



where 



,(2n-l)a 
'0 



6 r s o 



Jo 



-,2n-l 



(2n - l)a (asl a + bs^ + c)^"" 1 )/ 2 2a 7o (as 2 + bs + c )( 2n+1 V 2 
Since a, 6, c are positive, satisfying the inequality 4ac — 6 2 > 0, 

1 



ds. 



1 b 

\e n \ < , — + 



< 



a (2n+i)/2 2a( 2n+1 )/ 2 7o as 2 + 6s + c 
1 



rfs 



7T 6 
1 + 77" 



- a (2n+i)/2 1 2 v/4ac - 6 2 



(4.16) 
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By using (I4.15P repeatedly, we obtain 

4 a (^o) = ^/o^o) + E^ n _ r 
a j=Q a-> 

With the help of the above relation and (I4.16p . and by setting a = \ 2 {c\+c\+CiJ c 2 + c^), b 



(1 — A)A(3ci + \Jc\ + c 2 .), c = 2(1 — A) 2 , (I4.14p implies the following estimate for k — 1. 
There exists a constant c 16 > such that, for A G (1/2, 1) and n G {0} U N, 



' \ „ \ 2n + l ,.»<* -In 
AC2 \ f S 



( \ 

c 2 



2n+l 



log(l - A) 



. \ 2n 



<c 16 (n + l)^J , (A; = 1,2). (4.17) 

The same argument as in the proof of the estimate for k = 1 in (I4.17P gives the estimate for 
fc = 2 in (HTTjl . 

By ( |4~T3l) . fOT]) also holds when the integral of s 2n /(Qf \s)) 2n+1 over [0, s£] with respect 
to s is replaced by the integral of s 2n / (Q\(s)) 2n+1 over [0, Sq] with respect to s. This estimate 
implies (H~TU1) in view of (147T21) and ( 147TT1) . 

We recall (14. ip and (14. 2p . It immediate from Lemma 4.4 that, for A G (Ao, 1), 

(1 - A)- 2 V- < P ;f T X< / V -\ < (1 - A)- 2 ^e-, 

where (3 is the same constant as in Theorem 1.1. By combining the above inequalities, 
Lemma 2.1 and Lemma 2.2, we have the following estimate. 

Proposition 4.5 Assume that (a), (b), (c) and (Al) hold. Then there exist constants C\ 7 > 
0, Ci 8 > and X* G (1/2, 1) such that, for A G (X* , 1), 



c 17 (l - A)-^ 1 / 4 ) < P {T X < r v _} = (1 - A) ]T A"P {ry_ > n} < c 18 (l - A) 



-/3+(l/4) 



n=0 



This asymptotic behavior of Po{^a < T V-} implies (II. ip by the Tauberian theorem (see [5, 
Theorem 2.4.3]). The proof of Theorem 1.1 is complete. 

The proofs of Corollaries 1.2 and 1.3 are similar to that of Theorem 1.1 and are thus 
omitted. 



5 Appendix 



We calculate 



3? 



1 /TO/2 1 



27T 7-r /2 ip\(9i,9 2 ) 



1 /To/2 

— / 3? 

27T i-ro/2 



V?a(#iA) 



^2, 



where r is the constant in Lemma 3.1. 
Recall that 

. E[( y sm9 1 X 1 )X 2 ] 1 - AE[cos^Xi 

^4 = ; , r-zr7TT77; , B = 



(1/2)^[X|] 



21 ' 



[\/2)E[X 2 ] ' 
£[sin 0-lX-l] 



and 



Put 



&± = < 



E[(-l + cosg 1 X 1 )X 2 ] 

(l/2)E[Xi\ " ' (1/2)S[X 2 2 ]' 

= (4B — A 2 + C 2 ) 2 + A{2D - AC) 2 



fx(0i, 2 ) = ^E[X 2 }{6 2 2 +A9 2 + B- i(C6 2 + D)}. 



a± = A ± VH, 

iu + c^^K± 2AH - 2c t D - Ac n 



H 



where 



-{2B + C 2 ± V4B - A 2 + C 2 \C\} 

H = ^(-4£ + A 2 - C 2 + VK). 



2D - AC ^ 
2D - AC = 0, 



Then a±, b± are real numbers, since 4B — A 2 — C 2 > 0, and 

(9 2 2 + Afl 2 + B) 2 + (C0 2 + D) 2 = (Q\ + a+0 2 + b+)(9 2 2 + a-# 2 + 6-). 
In the case 2D — AC ^ 0, it is easy to verify that 

(a+ - a_)(a + b_ - a_b + ) + (&_ - b + f = \{-AB + A 2 + C 2 + ^[K)^K ± 



using 



(b- - b, 



AH - C{2D - AC) | 1 

4 



| = -(A 2 + C 2 + y/K) 2 -4(B 2 + D 2 ). 



The partial-fraction decomposition of 9?[1/Va(0i, #2)] is 



where 



F = 
G = 
I = 



F6 2 + G -F6 2 + I 



(a + 6_ — a_6 + ) + A(6_ — b + ) + B(a + — a_) 



(a + — a_)(a + 6_ — a_6 + ) + (6_ — 6 + ) 2 
-b + (b_ — 6+) — A(a+ — aJ)b + + Ba + (a + — a_) + £>(6_ — 6 H 



(a+ — a_)(a+6_ — a_6 + ) + — fe + ) 2 
6_(6_ — 6 + ) + A(a + — a_)6_ — 5a_(a+ — a_) — — 6^ 



(a + — a_)(a + 6_ — a_6 + ) + (6_ — 6 + ) 2 
From the definition of a± and 6± 



Ab± - a 2 ± = Ji ± J 2 



Ji = \{*B-A* + X? + yfK), j 2 = _ 2C ( 2D _ AC ) 



where 



From 45 - A 2 - C 2 > implies 

J 2 _ J 2 = 1(45 - A 2 - C 2 + v 7 ^) 2 > 0. 
Combining the above inequality with Ji > 0, we have 

|J 2 | < Ji 

and 

46 ± - 4 > 0. 

We turn now to the integration. In the case 2D — AC 7^ 0, 

-21 rT0 /2 T 1 1 



/•ro/2 


1 


/ 

/-ro/2 





ro/2 f?^ + £ 



+ 



ro/2 0| + a+# 2 + #2 + a-^2 + b 



d9o 



F 
~2 



e\ + a+ e 2 + ^ 

° g 91 + a_# 2 + 6. 



ro/2 



+ 



-r /2 



-a + F + 2G 
46 1 - ai 



arctan 



2fl 2 + a+ 
464- - a? 



ro/2 



-ro/2 
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+ 



a-F + 2I 



46_ - a 2 



arctan 



2fl 2 + a- 
46_ - a? 



r /2 



-ro/2 



(5.5) 



In the case 2D — AC = 0, we obtain 



XE[X 2 } p/ 2 



i-q/2 



<Px{9i,e 2 ) 
i 



- A 2 + C 2 
1 



arctan 



26 2 + A 



VAB -A 2 + C 2 



arctan 



VAB -A 2 + C 2 + \C\ 
26 2 + A 



- r /2 

- -ro/2 
ro/2 



-r /2 



VAB - A 2 + C 2 - |C|. 

Proof of Lemma 3.2. We will prove (13.71) in the case 2D — AC ^ 0; the proof of (13.71) 
in the case 2D — AC = is similar and is omitted. 

Assume 2D — AC ^ 0. In view of (15.21) and the definition of a±, a± and b± tend to as 
9i and A 1 1. With the help of 



H 



K 



and |log(l + x)\ < 2\x\ (\x\ < 1/2), 



the first term on the right-hand side of the last equality in ( 15. 5 p is bounded by a constant. 
A simple calculation gives 



-a + F + 2G 
a_F + 2I = 



2^K 
1 ( 



AB - A 2 + C 2 + VK 



2C(2D - AC) 1 

7h J 



2VK 



,2 ^ 2 n? 2C(2D-AC)} 

AB — A + C + VK H i — = \ 

H 



We recall that 



Since 



Ji 



2C{2D - AC) 



H 



\J 2 \ <Ji = \{AB -A 2 + 3C 2 + VK), 

as shown in the proof of (15.41) . | — a + F + 2G\ is bounded by a constant. The difference 
between the second term on the right-hand side of the last equality in ( 15. 5 p and 



-a + F + 2G 
Ab+ - a 2 



71 



-7T 



2^Ji + J 2 VK 



AB-A Z + C 2 + VK 



2C(2D - AC) 1 
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is bounded by a constant. Here we used the inequality 

7T 1 

< arctana; < — [x > 0). 

2 x 

Similarly, the difference between the third term on the right-hand side of the last equality 
in (15.51) and 

a_F + 2I 7T f A2 „ 2 r- 2C{2D-AC)\ 

n = — = <AB — A + C + vK + — - — t= > 

Ab_-a 2 2^h^T 2 VK{ VH 



is bounded by a constant. Put 

1 / J+J 2 J~-h 



2\E[X 2 2 ]t/K WJ1 + J2 VJi ~ h 
where 



J = AB - A 2 + C 2 + \ f K. 

"0/2 

-ro/2 



Then the difference between (l/2ir) jL°J^/2 ^[1/Va(#i, #2)] ^2 and a\(6i) is bounded by a 
constant. 

It remains to show that 



a x (ti l} a x (tiy) := , ^ ^ ' AB - A* + C 2 + VK I (5.6) 



\E[X 2 }VK 
Since AB - A 2 - C 2 > 0, 

|J 2 | < Ji < J, 

which implies that a>(#i) > 0. (The first inequality above has already been shown in the 
proof of (E3D.) We will compute (a A (#i)) 2 . By (El and J = 2 J x - 2C 2 , 



[(J + J2)\IJi-Ji + (J ~ Jz)\ph + J2] 



2 



2[J X + ^J(- Si) J* + 2\J 1 -2J-y/Ji- J'i) J$ 

8(45 - A 2 + C 2 + >fK){Ji - C 2 ) 2 - 4(45 - A 2 + v 7 ^) J 2 2 
8(45 - A 2 + C 2 + v^)(Ji - Jl) + 8(45 - A 2 + C 2 + >/tf)(-2Ji + C 2 )C 2 
+ 4(45- A 2 + 2C 2 + y/K)J 2 . (5.7) 
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In view of 



J* = J2-^(4B-A 2 -C 2 



\/K) 2 = 2(45 - A 2 + C 2 + VK)C 2 



which follows from ( 15. 3p . the sum of the second and third terms on the right-hand side of 
the last equality in ( 15. 7p vanish. Hence 

Since a\{6\) and 5a (0i) are nonnegative functions, the above relation yields ( 15. 6p . 
To show Lemma 3.3, we require the following lemmas. 

Lemma 5.1 Assume (a), (b) and (c) hold. Then, for A G (1/2,1) and Q\ G [— 7r,7r] with 
\0i\<r o /2, 



1 fro /I 



e 2 



2tt y-ro/a I pa 02) I 1 
nj/2 I 



d9 2 < 



16 



c*E[X 2 



in) 



2tt V-ro/2 |<p A (0i,0 2 )| : 



1 /■ 



oo |Pa(01,0 2 )| ; 



^02 < 



64 



(E[xi\y 



Proof. By (13.61) . we obtain that, for |^| < r /2, 



r /2 



2 2 



ro/2 |Pa(01,0 2 )P 



< — 



4 ro/2 E[pa(0i, 02)] 



C* J-ro/2 |Pa(0iA)|' 



d0o < — 



3? 



Pa(0i,0 2 ) 



d9,. 



Assume that 2D-AC ^ 0. In view of ([53]), the definition of a A (0i) and AB-A 2 + C 2 < VK 
imply that 



Pa(0i,0 2 ) 



d6o 



2ixd 



Av"l. 



< 



An 



\E[Xl 



The above two inequalities give the desired estimate (i) in the case ID — AC ^ 0. The proof 
of (i) in the case 2D — AC = is similar and is omitted. 

Since 1/|<^a(0i, 2 )| 2 > 0, the first inequality of (ii) is clear. To obtain the last inequality 
of (ii), we calculate the integral of l/\(f\(9i, 9 2 )\ 2 over (—00,00) with respect to 9 2 . Assume 
2D — AC 7^ 0. The partial-fraction decomposition of 1/|v?a(0i, 9 2 )\ 2 is 



1 



F9 2 + G 



+ 



-F9, 



where 



|v?a(0iA)| 2 (A£[Xf]) 2 \9 2 2 + a+9 2 + b + 9 2 + a_9 2 + b- 

p = ~ a- 

(a + — a_)(a + 6_ — a_6 + ) + (6_ — 6+) 2 ' 
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= a + (a + - a_) + (6_ - 6 + 



J 



(a+ — a_)(a + 6_ — a„6 + ) + (£>_ — fe+) 2 ' 
— a_(a + — a_) — (£>_ — b + ) 



(a+ — a_)(a + 6_ — a_6 + ) + (£>_ — 6 + ) 2 

This gives the integral 

(XE[X 2 ]f r 1 = / -a + F + 2G + a.F + 21 ^ 



A simple calculation and (15. ip show that the right-hand side of the above equality is equal 
to 

c(6)-=l 2H ~ J2 + 2H + J A x 2 JL 

C ' I y/Ji + J2 VJi ~ J2 J X (-45 + A 2 + C 2 + VK)VK' 

We compute (ca(#i)) 2 by using ( 15. 3p . From this computation and c\($i) > 0, we have 



This implies the desired estimate (ii) in the case 2D — AC 7^ 0. The proof of (ii) in the case 
2D — AC = is similar and is omitted. 

Lemma 5.2 Assume that (a), (b) and (c) hold. Then there exists a constant c > such 
that, for A G (1/2, 1) and Q x G [-7r,7r] ura'#i |0i| < r /2, 



27T 7-ro/2 I V?A (01, 6*2)1 



2tt 7- ro /2 |¥>a(0i,0 2 )| 2 
Proof. We prove (hi). Since 5 G (0, 1) 



^(2+5)/4 (|^| < #1/4) 

|^ 2 |3 K (-l+5)/4 Q0 2 | > X l/4j_ 



| fl 12+5 < J ^' U^l ^ ^ ; , . 



We use (I5.8P to obtain that the left-hand side of (iii) is bounded by 



27T J~r /2\ipx(0l,9 2 )\ 2 27T JK^<\e 2 \<r /2 \(px(9l,9 2 )\ 



1 3 



#(2+«5)/4 — /a j ^(_i + i)/ 4 .« 

; ^2 + ^ / , ,7' rfg 2 . (5.9) 
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By (ii) in Lemma 5.1, the first term of (15. 9 P is bounded by a constant multiple of K( _1+<5 )/ 4 . 
From (I3.6p . we replace \<px(0i, 9 2 )\ 2 with 1 6*2 1 4 /16 in the second term of (15. 9p . Then the 
second term of (15.9p is bounded by a constant multiple of i^( _1+<5 )/ 4 (l + | log K |). Thus we 
conclude that (iii) holds. 

To prove (iv), we use the inequality 



w < 



K^' A (\9 2 \<K 1 / 4 ) 

\0 2 \2 K (y-2)/4 (|0 2 | > #1/4) 



instead of (15. 8p . and the result follows by (i) and (ii) in Lemma 5.1. 
Proof of Lemma 3.3. With r > 0, 



ro/2 
r /2 



1 



d9 2 = —f° X x{9 l ,9 2 )d9 2 

Z7T J -r /2 

^[i-x</>(e u e 2 )] 



+ 



where 



Xx(0i,9 2 ) 



2ir Jr /2<\8 2 \<K 1 1 — A<^(6»i, 6> 2 ) | 2 



do, 



(5.10) 



|l-A0(0i,0 2 )l 2 \ipx{0u0v)\ 2 ' 
(ED implies that, for A G (1/2, 1) and (9 1 ,9 2 ) G [-7r,7r] x [-7r,7r] with |0 2 | > r /2, 



ft[l-A0(0i,0 2 )] 



|l-A0(0i,« 



< 



128 

|1-A0(^,0 2 )| 2 " 



< 



Hence the second term on the right-hand side of (I5.10p is bounded by a constant. 

To estimate the first term on the right-hand side of ( 15. 10ft . we consider Xx(9i,9 2 ). By 
applying the estimates (13.31) and 

1 < ^1±^1±1 {X e (1/2,1), (9 1 ,9 2 )e[-n,n]x[-n,n]), 



|l-A0(0i,0 2 )l - \cpx(9x,9 2 )\ 
which follows from (13. ip . we deduce that 



\Xx(9i,9 2 )\ < mi-XmM-^[v>x(0i,O 2 
+\X[<PxtfiM\ 



1 



,1-A^iA)! 2 

\i-\<j>(.e 1 ,e 2 )-<px(e 1 ,e 2 )\ ( 



\1- X^, 9^1^(9,, 9 2 )\ V|l-A^i,e 2 )| \Vx{9i,9 2 )\ 



\vx{9i,9 2 )\< 



< c 



(5.11) 
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where c is a constant independent of A G (1/2, 1) and (#1,6*2) G [— 7r,7r] x [— 

The proof completed by showing the following estimates. The integral of 1 6*2 1 2 / 1 V^a (^1 , #2) | 2 
appearing on the right-hand side of the above inequality over [— r /2,r /2] with respect to 
62 is bounded by a constant multiple of K~ 1 ^. Moreover, the integral of \92\ 2+s /\^p\{9i, 9 2 )\ 2 
appearing on the right-hand side of the above inequality over [— r /2,r /2] with respect to 
62 is bounded by a constant multiple of f^(~ 1+<5 )/ 4 | logi^|. These estimates come from (i) in 
Lemma 5.1 and (iii) in Lemma 5.2. Notice that K tends to zero as 9\ — > and r j" 1, which 
implies that 1 < | logK\. 

Proof of Lemma 3.4. ( 13 .8p can be proved by the same procedure as in Lemma 3.2. 
We only give a sketch of the proof of (I3.8P in the case 2D — AC 7^ 0. 
Assume that 2D — AC 7^ 0. We calculate 



3 



1 

2~ix 



ro/2 



-r /2 (f\(9 1 ,9 2 ) 

The partial-fraction decomposition of Q[l/fx(9i, #2)] is 





fro/2 


1 




/ ^ 


.PA(01,02)_ 


2tt , 


'-ro/2 



d9o. 



3 



1 



<px(e 1 ,e 2 ) 



where 



-SfcA(01,fl 2 )] 

M#iA)| 2 
C(6_ - 



F6 2 + G 



(X/2)E[XI] \9 2 2 + a + 9 2 + b, 



D(a + 



+ 



-F9o 



9\ + a„9 2 + 6- 



(a + — a_)(a + 6_ — a_6 + ) + (&_ — &+) 2 ' 
— C(a + — a_)6 + + Da + (a + — a_) + D{b_ 



(a + — a_)(a + 6_ — a_6 
C(a + — a_)6_ — Z)a_(a 



+, + (6- - 6+ 
-a_) -£>(&_ 



This gives the integral 
\E\Xf\ ro/ 2 



r /2 



— a_)(a + 6_ — a_6 + ) + (&_ 



F 
2" 



log 



9\ + a+02 + b A 
9\ + a_6» 2 + b. 



ro/2 
-ro/2 



-CL+F + 2G 



46 4 



+ 



a_F + 2J 



46_ - a 2 



arctan 



29 2 + o- 
46_ - a 2 



ro/2 



-r /2 



arctan 



20 2 + a+ 
46+ - a? 



ro/2 



-ro/2 



(5.12) 
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Using 

on — AC 

F= |log(l + a;)|<2|a;| (N < 1/2), 



and 

{2D - AC) 2 = - A 2 + C 2 + \/~K)H, (5.13) 

the first term on the right-hand side of (15.121) is bounded by a constant multiple of \2D — 
AC\/V~K + \C\. A simple calculation gives 

~ ~ 2D -AC CVH * = 2D -AC CVH 
-a + F + 2G = = a__F + 2/ = = — + 



K VK VK VK 

by (I5.13P above. The difference between the second term on the right-hand side of ( I5.12p 
and 

-a + F + 2G 7T 



-7T 



{2D -AC - CVH) 



is bounded by a constant multiple of \2D — AC\/yK + |C| / T^ 1 / 4 . Similarly, the difference 
between the third term on the right-hand side of ( 15. 12ft and 

a ' P + 2 K= {2D -AC + CVH) 



Ab_ - a 2 _ VJi ~ J2VK 



is bounded by a constant multiple of \2D - AC\/vK + \C\/K 1/4 . 
Put 

1 {2D-AC-Cy r H 2D - AC + Cv / H" 



b 



A <7i 



XE[Xi)VK \ y/Ji + J 2 VJi - J2 



Then the difference between (1/2tt) /I°q/ 2 ^[1/ V'aC^i, 02)]d6 2 and b\{6i) is bounded by a con- 
stant multiple of \2D - AC\/^K+ \C\/K^ 4 . 
It remains to show that 



A£ [X|] ^45 - A 2 + C 2 + y/K 
By using (15. 3p and noticing (I5.13p . we have 
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From the inequality 

< C 2 H < l -(AB -A 2 + C 2 + VK)H = (2D - AC) 2 , 

the sign of b\(9i) is the same as that of b\{6\). (15.141) yields b\{6i) = b\(9i). 
Proof of Lemma 3.5. Let b\(8i) be the imaginary part of 

l ro/2 i 

dBo, 



27T J -r /2 <p\(8 1 ,9 2 ) 

By performing the change of variables 62 = —#2 and using the symmetry of trigonometric 
functions, &a(#i) = —b\(—0i) and &a(#i) = — b\(— 61). In view of this, 

b x {0i) - hiO,) = ~{6 A (0i) - b x (-9 x ) - (6 A (0!) - hi-dx))} 

/ x[\Oi,02)d92 + — xi>iA)^ 2 

J-rn/2 47T J-rn/2 



47T J -ro/2 47T J-r /2 

-I 

All Jr /2<\6 2 \<iT 



+ -L / x l ?\0Md6 2i (5.15) 



where 



rfViA) = A^[(si n 1 X 1 )(cose 2 X 2 )] 



1 1 



ji-AcK^A)! 2 |i-A0(-^,^ 2 ) 



" AS[sin ^ l] (M^ + i^(-L 2 )P 



Xa 2) (#iA) = A£[(cos0iXi)(sin0 2 X 2 )] ^ 
-A£[(-l + cos0iXi)A: 2 ]0 2 

xi 3) (#iA) 



1 



\l-X(j>(e 1 ,9 2 )\ 2 |l-A0(-0iA)l 2 , 
/ 1 1 \ 



and 

A J E[sin(0 1 X 1 + 9 2 X 2 )] AE[sin(-0 1 X 1 + 6 2 X 2 )} 



|l-A0(0iA)l 2 |1-A0(-0!,0 2 )| 2 " 

The inequality £[| sin ^X^] < J E[|X 1 | <5 ]|^ 1 | 5 and (JS3D imply that, for A e (1/2,1) and 

h,0 2 ) e [-7T,7T] X [-7T,7T] with |0 2 | > r /2, 

lxi 3) (Oi,e 2 )\ < 



(3) |E[(sin0iXi)(cos0 2 X 2 )]| ^[(sin^XO^os^) 



|l-A0(#iA)| 2 |1-A0(-^,^ 2 )P 
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< 



+ \E[(cos9 1 X 1 ){sin9 2 X 2 

E[\x^]\e 



|l-A0(0iA)| 2 |l-A0(-0i,0 a )l : 



S + E[\Xi\ 5 ]\0i\ 



|l-A0(0i,0 2 )l 2 |l-A0(-0iA) 



< 



+ |0(#iA) 
128E[|X!| 5 ] 



#2, 
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c * r oJ 



. |l-A0(-fli,fl 2 )| + |l-A0(fli,fl 2 )| 
1 |l-A0(0i,0 2 )| 2 |l-A0(-0i,0 2 )l 2 

l^il 5 - 



Hence the third term on the right-hand side of the last equality in (I5.15P is bounded by a 
constant multiple of \9i\ s . 

To estimate the first and second term on the right-hand side of the last equality in (15. 15)) , 
we consider X\ (^1^2) an d Xi (^1^2)- With the help of 



\E[{sm9 1 X 1 ){cos9 2 X 2 )] - E[sin9 1 X 1 }\ < EWX^XlWB^d 2 
and (13.4)) . the same argument as shown in (15.1 ip implies that 
, (i) (f) a „ . ^[(sin^XQ^os^X,)] ~E[sm9 1 X 1 ]\ 

|XA " li-A^A)! 2 

|£[(sin0iXi)(cos0 2 A: 2 )] - SfsinfliXJI 



|1_ A 0(-^,^)|2 

wrt-ina x]] \ 1 -^i,Q2)-^x(e 1 ,e 2 )\ 
ME^wi \i_ X( f)(e u e 2 )\\ip x (e u e2)\ 



X 



+ 



1 



|l-A0(0 l5 2 )| |^a(^i,^)| 



1 



+ 



1 



|l-A0(-0i,0 2 )| |^A(-6"i,6» 2 )|y 

,|^A(01,02)| 2+ |^Ml,02)| 2 )' 

where Ci is a constant independent of A G (1/2, 1) and (9i,9 2 ) G [— 7r,7r] x [— 7T, 7r] 



<^{|iW a +HW + IWs} 



(5.16) 
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By performing the change of variables # 2 = —82 and using the symmetry of trigonometric 
functions, 

ro/2 102 17 r r /2 |0„|7 

d9 2 = , ' ',„ ^ 2 , ( 7 >0). (5.17) 



-ro/2 I^aC-^I,^)! 2 |^ A (^,^)| 2 

Taking note of (I5.17p . it follows from (I5.16p . Lemma 5.1 and (iv) in Lemma 5.2 that the first 
term on the right-hand side of the last equality in (I5.15P is bounded by a constant multiple 

of io^k- 1 / 4 + \D\(\ex\ s + k s / 4 )k~ 3 / 4 . 

From conditions (b) and (c), we obtain 

| J E[(cos^ 1 X 1 )(sin0 2 X 2 )] - E[(-l + cos0 1 Xi)X 2 ]0 2 | 

= \E[{cos9 1 X 1 ){sme 2 X 2 )) - E[{cose 1 X 1 )X 2 )e 2 \ < E[\X 2 \ 2+5 ]\92\ 2+S 

and 

\4>{e x ,e 2 ) - (t>{-e u e 2 )\ < 2\E[sme 1 x l ]\+2\E[{sme 1 x l )x 2 )\\d 2 \ 

+2E[\X 1 \*Xl}\6 1 \hl. 

Using the above two inequalities and (13. 4p . the same argument as given in (15. lip implies 
that 

(%„ n \ 1 / \E[(cos9 1 X 1 )(sm9 2 X2)] - E[(-l + cos9 1 X 1 )X 2 )92' 



\xnoiM< 



|1 — A^>(6»i, <9 2 )H1 — A0(— 6> l5 <9 2 ) 

1 



x|0(0 1 ,0 2 )-0(-0 1 ,0 2 )| 



+ \E[(-l + cos8 1 X 1 )X 2 ]e : 



|1 — A0(6»i, 6» 2 )| [1 — A0(— 

,|l-A0(0l,02)-^l,02)| 



|l-A0(0i,0 2 )|kA(01,02)| 
1 1 \ 



V|1-A0(<M 2 )I l^(#lA)|/ 
+\E[(-1 + cos ftWI {1 _ 92) ^ x( _ 9ij 02)l 

(l 1 \ 



< C2{\D\\9 2 \ S + (|A| + \C\)\9 2 \ l+s + (|C||0 2 | + |# 2 | 2 )|^} 

X (|v^iA)| 2 + KMiA)| 2 )' (5 ' 18) 
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where c~i is a constant independent of A G (1/2, 1) and (9\, 6> 2 ) G [— ir, n] x [— n, ir]. Recalling 
(I5.17p . it follows from (I5.18p . (i) in Lemma 5.1 and (iv) in Lemma 5.2 that the second 
term on the right-hand side of the last equality in (15.151) is bounded by a constant multiple 
of {\e^ + \A\K^ 1+S ^ A + \C\(\9i\ l + K S ^)K~ 1 / A + IDI^-^)/ 4 }^" 1 / 4 . Hence we have the 
desired estimate. 
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